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1. Introduction
Let K be a nonempty subset of a real topological vector space X, and let
f be a real valued bifunction defined on K × K with f (x, x)  0 for all
x ∈ K . The scalar equilibrium problem deals with the existence of x ∈ K such
that f (x, y)  0 for all y ∈ K . The vector equilibrium problem is obtained by
considering the bifunction f with values in an ordered topological vector space.
Many fundamental mathematical problems such as mathematical physics,
game theory, optimization problems and operations research are related to the
equilibrium problem. Consequently, the equilibrium problem in both scalar and
vector case has been extensively studied in the literature. See [1–16] for examples.
Throughout this paper, letZ be a real topological vector space with an ordering
cone C; that is, C is a closed convex cone in Z with IntC = ∅ and C =Z , where
IntC denotes the interior of C. Note that C = Z if and only if IntC does not
contain the zero vector 0.
In this paper, we consider a bifunction f :K × K → Z , and consider the
following vector equilibrium problem:
(VEP) Find x ∈K such that f (x, y) ∈ (− IntC)c for all y ∈K,
where (− IntC)c denotes the complement of − IntC in Z .
Most of the work on existence of solutions for equilibrium problems are based
on generalized monotonicity, which represents some algebraic properties assumed
on the bifunction f , and their extension to the vector case. See, for instance, [3,
17,18].
Our purpose in this paper is to study vector equilibrium problems without
using arguments from generalized monotonicity. For this we introduce a notion
of topological pseudomonotonicity for vector valued functions which extends
in a natural way the well-known topological pseudomonotonicity introduced by
Brézis [10] and presented in a very general form as the following.
A real bifunction f on K ×K is called topologically2 pseudomonotone (see
[5, p. 410] and [19]) if for any generalized sequence {xµ} such that {xµ} stays in
a compact set and converges to x with lim infµ f (xµ, x) 0, its limit x satisfies
f (x, y) lim sup
µ
f (xµ, y) for all y ∈K.
Analogous to topological pseudomonotonicity for real bifunctions, we shall
introduce topological pseudomonotonicity to vector valued bifunctions on K×K
withK contained in a Hausdorff topological vector space X. Then we derive some
existence results for the problem (VEP). The abstract results established are then
applied to vector variational inequalities and to the existence of Pareto optima.
2 We have used the word “topologically” in order to differentiate this notion of pseudomonotonicity
with the well known algebraic pseudomonotonicity notion.
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We shall use the following notation. For any subset A of a topological space
X, let Ac denote the complement of A in X, and let A denote the closure of A
in X. If X is a topological vector space, we denote by co(A) the convex hull of A.
2. Semicontinuity and topological pseudomonotonicity
In this section, we shall define topologically pseudomonotone bifunctions with
values in Z , by starting with the definition of suprema and infima of subsets of Z .
Following [2], for any subset A of Z let
SupA= {z ∈A: A∩ (z+ IntC)= ∅}
and
InfA= {z ∈A: A∩ (z− IntC)= ∅}.
Proposition 2.1. For any set A⊂Z , InfA= InfA and SupA= SupA.
Proof. Let x ∈A be arbitrary. It is clear that
(x − IntC)∩A= ∅ ⇒ (x − IntC) ∩A= ∅.
This proves that InfA⊂ InfA.
Conversely, assume that (x − IntC) ∩A= ∅. Since x − IntC is open, then
A⊂ (x − IntC)c and (x − IntC)∩A= ∅.
The proof is complete. ✷
Recall that for a real net {xα}α∈I (see Aliprantis and Border [20, p. 32]), the
largest limit point of {xα} is called limit superior written by lim supα xα , and the
smallest is called the limit inferior written by lim infα xα . We can show that
lim inf
α
xα = sup
α
inf
βα
xβ and lim sup
α
xα = inf
α
sup
βα
xβ.
As a matter of fact, xα → x in R if and only if x = lim supα xα = lim infα xα .
Now, we consider a net {zα}α∈I in Z . Let Aα = {zβ : β  α} for every α in the
index set I . We define limit inferior of {zα} as
Lim inf zα := Sup
(⋃
α∈I
InfAα
)
.
Similarly, we define the limit superior of {zα} as
Lim sup zα := Inf
(⋃
α∈I
SupAα
)
.
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Definition 2.2 (Vector topological pseudomonotonicity). Let X be a Hausdorff
topological space, and let K be a nonempty subset of X. A function f :K×K→
Z is called vector topologically pseudomonotone if for every v ∈ IntC and for
each net {xα}α∈I in K satisfying
xα → x ∈K and Lim inff (xα, x)∩ (− IntC)= ∅,
there is α0 in the index set I such that
(∗) {f (xβ, y): β  α}⊂ f (x, y)+ v − IntC
for all α  α0 and for all y ∈K.
Consequently,
Sup
{
f (xβ, y): β  α
}⊂ f (x, y)+ v − IntC
for all α  α0 and for all y ∈K.
In Definition 2.2, if Z =R, and if C is the set of all nonnegative real numbers,
the condition (∗) says that for every ε > 0 there is α0 ∈ I such that
f (xα, y) < f (x, y)+ ε for all α  α0 and for all y ∈K.
Or, equivalently, lim supα f (xα, y) f (x, y) for all y ∈K .
It is an immediate consequence of definition that a bifunction f :K ×K→R
is topologically pseudomonotone if it is upper semicontinuous with respect to the
first argument; i.e., the function x → f (x, y) is upper semicontinuous on K for
every y ∈K . We shall prove this result for vector valued bifunctions.
Recall that a function f of a topological space X into Z is called C-upper
semicontinuous if for every z ∈Z the set f−1(z− IntC) is open in X (see [21]).
Theorem 2.3 (Tanaka [21]). A function f of a topological space X into Z is
C-upper semicontinuous if and only if for every x ∈ X and for every v ∈ IntC,
there is an open neighborhood U =U(x) of x such that
f (y) ∈ f (x)+ v − IntC for all y ∈U.
Theorem 2.4. Let X be a Hausdorff topological space, and let f be a function of
X into Z . Then f is C-upper semicontinuous on X if and only if for every x ∈X,
for every v ∈ IntC, and for any net {xα}α∈I in X converging to x , there is an α0
in the index set I such that{
f (xβ): β  α
}⊂ f (x)+ v − IntC for all α  α0.
Proof. For α ∈ I , let Aα = {f (xβ): β  α}. Assume that f is C-upper semi-
continuous. By Theorem 2.3, there is an open neighborhood U of x such that
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f (y) ∈ f (x)+ v/2 − IntC for all y ∈ U . There is an α0 in the index set I such
that
α  α0 ⇒ xα ∈ U and f (xα) ∈ f (x)+ v2 − IntC.
This implies that Aα ⊂ f (x)+ v/2− IntC and Aα ⊂ f (x)+ v/2−C whenever
α  α0. Since v/2−C = v − v/2−C ⊂ v − IntC, then
Aα ⊂ f (x)+ v − IntC for all α  α0.
Now, assume that f is not C-upper semicontinuous on X. There is a z0 ∈ Z
such that f−1(z0 − IntC) is not open in X. There is an x0 ∈ f−1(z0 − IntC)
such that every neighborhood of x0 is not contained in f−1(z0 − IntC). Write
f (x0)= z0 − v0 for some v0 ∈ IntC. Hence, there exists a net {xα}α∈I in X such
that xα → x and every f (xα) does not lie in z0 − IntC = f (x0) + v0 − IntC.
Since the complement of f (x0)+ v0 − IntC is closed, then for every α ∈ I
Aα ∩
(
f (x0)+ v0 − IntC
)= ∅.
The proof is complete. ✷
Remark 2.5. If Z = R, and if C is the set of all nonnegative real numbers,
Theorem 2.4 says that f is upper semicontinuous on X if and only if for every
x ∈X
lim sup
α
f (xα) f (x) for any net {xα}α∈I in X converging to x.
From Definition 2.2 and Theorem 2.4, we obtain:
Corollary 2.6. Let X be a Hausdorff topological space, let K be a nonempty
subset of X, and let f :K ×K → Z be a bifunction. If f is C-upper semicon-
tinuous with respect to the first argument, then f is vector topologically pseudo-
monotone.
The following theorem is important to our later discussion.
Theorem 2.7. Let X be a Hausdorff topological space, and let K ⊂ X be
nonempty. Assume that f :K ×K→Z is vector topologically pseudomonotone.
If y ∈K , and if {xα}α∈I is a net in K converging to x ∈K satisfying
f
(
xα, ty + (1− t)x
) ∈ (− IntC)c for all α ∈ I and for all 0 t  1,
then f (x, y) ∈ (− IntC)c .
Proof. For any y ∈K and for any α ∈ I , let
Aα(y)=
{
f (xβ, y): β  α
}
.
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By assumption, f (xα, x) ∈ (− IntC)c and f (xα, y) ∈ (− IntC)c for all α ∈ I .
This implies that Aα(x)⊂ (− IntC)c and Aα(y)⊂ (− IntC)c for all α ∈ I . Note
that
Lim inff (xα, x)∩ (− IntC)= ∅,
since Aα(x)⊂ (− IntC)c for all α ∈ I .
Suppose that f (x, y)=−v for some v ∈ IntC. Since f is vector topologically
pseudomonotone, there is an α0 in the index set I such that
α  α0 ⇒ Aα(y)⊂ f (x, y)+ v − IntC =− IntC.
This is a contradiction. Hence f (x, y) ∈ (− IntC)c . ✷
3. Existence results for vector equilibrium problems
This section is devoted to deriving some existence results for (VEP). The
techniques are based on KKM mappings and the Fan–KKM theorem stated below.
Definition 3.1 [22]. Let K be a nonempty subset of a topological vector space X,
and let 2X be the family of all subsets of X. A set valued function F :K→ 2X is
said to be a KKM mapping if for any nonempty finite set A⊂K
co(A)⊂
⋃
x∈A
F(x).
Theorem 3.2 (Fan–KKM theorem [22]). Let K be a nonempty convex subset of a
Hausdorff topological vector space X, and let F :K → 2X be a KKM mapping.
If F(x) is closed in X for every x , and if there is a nonempty compact convex
set D ⊂ K such that ⋂x∈D F(x) is a compact subset of K , then ⋂x∈K F(x) is
nonempty.
To state the main results, we need some definitions of convexity for bifunc-
tions. First, we generalize the notion of 0-diagonal convexity introduced by Zhow
and Chen [23] to the vector case.
Let X be a topological vector space, and let K be a nonempty convex subset
of X. A bifunction f :K ×K → Z will be called vector 0-diagonally convex if
for any finite set {y1, . . . , yn} ⊂K
n∑
j=1
λjf (x, yj ) ∈ (− IntC)c
whenever x =∑nj=1 λjyj with λj  0 for all j and∑nj=1 λj = 1.
We shall also consider C-quasiconvex-like bifunctions introduced by Ansari
and Yao [3]. The bifunction f :K ×K→Z is called C-quasiconvex-like if
f
(
x, ty1 + (1− t)y2
) ∈ f (x, y1)−C
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or
f
(
x, ty1 + (1− t)y2
) ∈ f (x, y2)−C
for all x , y1, y2 ∈K and for 0 t  1.
We now state our main results in Theorems 3.3 and 3.4. The proofs will be
given in a sequence of lemmas each with its own hypotheses.
Theorem 3.3. Let X be a Hausdorff topological vector space, let K ⊂ X be
nonempty and convex, and let f :K × K → Z be a function satisfying the
following conditions:
(i) f is vector topologically pseudomonotone and vector 0-diagonally convex.
(ii) For every y ∈K the function x → f (x, y) is C-upper semicontinuous on the
convex hull of every nonempty finite subset of K .
(iii) (Coercivity) There is a nonempty compact set A ⊂ K , and there is a non-
empty compact convex set B ⊂K such that if x ∈ K ∩ Ac, then f (x, yx) ∈
− IntC for some yx ∈ B .
Then there is an x ∈K such that f (x, y) ∈ (− IntC)c for all y ∈K .
Theorem 3.4. Let X be a Hausdorff topological vector space, let K ⊂ X be
nonempty and convex, and let f :K × K → Z be a function satisfying the
following conditions:
(i) f (x, x) ∈ (− IntC)c for all x ∈K .
(ii) f is vector topologically pseudomonotone and C-quasiconvex-like.
(iii) For every y ∈K the function x → f (x, y) is C-upper semicontinuous on the
convex hull of every nonempty finite subset of K .
(iv) (Coercivity) There is a nonempty compact set A ⊂ K , and there is a non-
empty compact convex set B ⊂K such that if x ∈ K ∩ Ac, then f (x, yx) ∈
− IntC for some yx ∈ B .
Then there is an x ∈K such that f (x, y) ∈ (− IntC)c for all y ∈K .
First, we remark that Theorem 3.3 is an immediate consequence of Theo-
rem 2.7 and the following lemma, which is a vector version of [15, Theorem 2.3].
Lemma 3.5. Let K be a nonempty convex subset of a Hausdorff topological
vector space X, and let f :K × K → Z be a function. Assume that f satisfies
the following conditions:
(i) f is vector 0-diagonally convex.
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(ii) For every y ∈K the function x → f (x, y) is C-upper semicontinuous on the
convex hull of every nonempty finite subset of K .
(iii) For every y ∈K and for any net {xα} in K converging to x ∈K , if
f
(
xα, ty + (1− t)x
) ∈ (− IntC)c for all α and for 0 t  1,
then f (x, y) ∈ (− IntC)c.
(iv) (Coercivity) There is a nonempty compact set A ⊂ K , and there is a non-
empty compact convex set B ⊂K such that if x ∈K ∩Ac, then f (x, yx) ∈
− IntC for some yx ∈B .
Then there is an x ∈K such that f (x, y) ∈ (− IntC)c for all y ∈K .
To prove Lemma 3.5, we need two lemmas stated as Lemma 3.6 and
Lemma 3.7.
Lemma 3.6. LetK be a nonempty convex subset of a Hausdorff topological vector
space X, let E be any nonempty finite subset of K , and let f :K ×K → Z be a
function. If
(i) f is vector 0-diagonally convex, and
(ii) for every y ∈ K the function x → f (x, y) is C-upper semicontinuous on
co(E),
then there is an x ∈ co(E) such that f (x, y) ∈ (− IntC)c for all y ∈ co(E).
Proof. We shall complete the proof by applying Fan–KKM theorem. For y ∈K ,
let
T (y)= {x ∈K: f (x, y) ∈ (− IntC)c}= f−1y ((− IntC)c),
where fy :K→Z is defined by fy(x)= f (x, y) for x ∈K .
First, note that the set T (y) is nonempty for every y ∈K . Since the set {y} is a
finite convex subset of K , then by condition (i) we have f (y, y) ∈ (− IntC)c and
y ∈ T (y).
Note that co(E) is compact and closed since X is Hausdorff. By condition (ii),
for every y ∈ co(E) the set
TE(y)=
{
x ∈ co(E): f (x, y) ∈ (− IntC)c}= f−1y ((− IntC)c)∩ co(E)
is closed in co(E) and, consequently, is compact in X.
It remains to show that if A= {y1, . . . , yn} ⊂ co(E), then
co(A)⊂
n⋃
j=1
TE(yj ).
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Let x ∈ co(A) be arbitrary. Write
x =
n∑
j=1
λj yj with λj  0 for all j and
n∑
j=1
λj = 1.
Since f is vector 0-diagonally convex, then
n∑
j=1
λjf (x, yj ) ∈ (− IntC)c.
We claim that f (x, yk) ∈ (− IntC)c for some integer k with 1 k  n. Otherwise,
f (x, yj ) ∈ − IntC for all j ; then by the convexity of − IntC we have
n∑
j=1
λjf (x, yj ) ∈ − IntC.
This is a contradiction. Therefore
x ∈ TE(yk)⊂
n⋃
j=1
TE(yj ),
and the proof is complete. ✷
Lemma 3.7. Let K be a nonempty compact and convex subset of a Hausdorff
topological vector space X, and let f :K ×K → Z be a function satisfying the
following conditions:
(i) f is vector 0-diagonally convex.
(ii) For every y ∈K the function x → f (x, y) is C-upper semicontinuous on the
convex hull of every nonempty finite subset of K .
(iii) For every y ∈K and for any net {xα} in K converging to x ∈K , if
f
(
xα, ty + (1− t)x
) ∈ (− IntC)c for all α and for 0 t  1,
then f (x, y) ∈ (− IntC)c .
Then there is an x ∈K such that f (x, y) ∈ (− IntC)c for all y ∈K .
Proof. Let F be the family of all nonempty finite subsets of K . For every E ∈F ,
let
ME =
{
x ∈K: f (x, y) ∈ (− IntC)c for all y ∈ co(E)}.
By Lemma 3.6, ME is nonempty for every E ∈F .
We shall prove that⋂
E∈F
ME = ∅.
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Since K is compact, it suffices to show that the family
M= {ME: E ∈F}
has the finite intersection property. For any two E1,E2 ∈F , let E =E1 ∪E2. By
definition, we have
ME ⊂ME1 ∩ME2 and ∅ =ME ⊂ME1 ∩ME2 .
This proves that the familyM has the finite intersection property.
Let x ∈⋂E∈F ME . For an arbitrary y ∈K , let Y = {x, y}. Since x ∈MY , there
is a net {xα} in MY such that xα → x. By the definition of MY , we have
f
(
xα, ty + (1− t)x
) ∈ (− IntC)c for all α and for 0 t  1.
By condition (iii), f (x, y) ∈ (− IntC)c . The proof is complete. ✷
Now, we are ready to complete the proof of Lemma 3.5. Let F be given as in
the proof of Lemma 3.7. For every E ∈F , let
NE =
{
x ∈A: f (x, y) ∈ (− IntC)c for all y ∈ co(B ∪E)}.
Note that co(E ∪B) is compact for every E ∈F (see [20, p. 126, Lemma 4.12]).
By Lemma 3.7, there is an xE ∈ co(E∪B) such that f (xE, y) ∈ (− IntC)c for all
y ∈ co(E ∪B). Since B ⊂ co(E ∪B), then xE ∈A by condition (iv). This proves
that NE = ∅ for every E ∈F .
By the same reasoning as in the proof of Lemma 3.7, one proves easily that the
family {NE : E ∈ F} has the finite intersection property. Hence, ⋂E∈F NE = ∅
by the compactness of A.
Let x ∈⋂E∈F NE . For any y ∈K , let Y = {x, y}. Since x ∈NY , there is a net{xα} in NY such that xα → x. By the definition of NY , we have
f
(
xα, ty + (1− t)x
) ∈ (− IntC)c for all α and for 0 t  1.
By condition (iii), we conclude f (x, y) ∈ (− IntC)c . This completes the
proof. ✷
The proof of Theorem 3.4 is essentially the same as that of Theorem 3.3. First,
we shall prove an analogue of Lemma 3.6 for C-quasiconvex-like bifunctions.
Let TE be defined as in the proof of Lemma 3.6. To apply Fan–KKM theorem,
we have to show that TE is a KKM mapping. To this end, we need the following
lemma.
Lemma 3.8. LetK be a nonempty convex subset of a Hausdorff topological vector
space X, let f :K ×K → Z be C-quasiconvex-like, let x ∈ K , and let E be a
nonempty finite subset of K . If f (x, y) ∈ (− IntC)c for some y ∈ co(E), then
there exists y ∈E such that f (x, y) ∈ (− IntC)c .
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Proof. Write E = {y1, . . . , yn} and
y =
n∑
j=1
λj yj , where λj  0 for all j with
n∑
j=1
λj = 1.
There is nothing to prove if n= 1. If n= 2, by assumption we have
f (x,λ1y1 + λ2y2) ∈ f (x, y1)−C
or
f (x,λ1y1 + λ2y2) ∈ f (x, y2)−C.
If f (x, y1) ∈− IntC and f (x, y2) ∈ − IntC, then we are led to the contradiction
f (x,λ1y1 + λ2y2) ∈− IntC.
Hence f (x, y1) ∈ (− IntC)c or f (x, y2) ∈ (− IntC)c .
Now, we shall complete the proof by applying mathematical induction to n.
Assume that
f
(
x,
n+1∑
j=1
λj yj
)
∈ (− IntC)c.
By induction hypothesis, we may assume that λj > 0 for all j . Let
λ=
n∑
j=1
λj = 1− λn+1 and y =
n∑
j=1
λj
λ
yj .
Since y = λy + λn+1yn+1, then f (x, y) ∈ (− IntC)c or f (x, yn+1) ∈ (− IntC)c.
If f (x, y) ∈ (− IntC)c , by induction hypothesis f (x, yj ) ∈ (− IntC)c for some j .
The proof is complete. ✷
Lemma 3.9. Let K be a nonempty convex subset of a Hausdorff topological vector
spaceX, let f :K×K→Z be a function, and letE be any nonempty finite subset
of K . Assume that the following conditions are satisfied:
(i) f (x, x) ∈ (− IntC)c for all x ∈K .
(ii) f is C-quasiconvex-like.
(iii) For every y , the function x → f (x, y) is C-upper semicontinuous on co(E).
Then there is an x ∈ co(E) such that f (x, y) ∈ (− IntC)c for all y ∈ co(E).
Proof. For y ∈K , let
T (y)= {x ∈K: f (x, y) ∈ (− IntC)c}= f−1y ((− IntC)c),
where fy :K→Z is defined by fy(x)= f (x, y) for x ∈K .
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It follows from (i) that y ∈ T (y) for all y ∈K , and that T (y) is nonempty for
every y ∈K . Since X is Hausdorff, and since co(E) is compact, then by (iii) for
every y ∈ co(E) the set
TE(y)=
{
x ∈ co(E): f (x, y) ∈ (− IntC)c}= f−1y ((− IntC)c)∩ co(E)
is closed in co(E), and is compact in X.
By Fan–KKM theorem, it remains to show that if A = {y1, . . . , yn} ⊂ co(E),
then
co(A)⊂
n⋃
j=1
TE(yj ).
Write an arbitrary x ∈ co(A) as
x =
n∑
j=1
λj yj with λj  0 for all j and
n∑
j=1
λj = 1.
Since f is C-quasiconvex-like, and since
f
(
x,
n∑
j=1
λjyj
)
= f (x, x) ∈ (− IntC)c,
by Lemma 3.8 we have f (x, yj ) ∈ (− IntC)c for some j ; i.e., x ∈ TE(yj ). The
proof is complete. ✷
By the same argument as the proofs of Lemmas 3.6 and 3.7, one proves the
following lemmas, and completes the proof of Theorem 3.4.
Lemma 3.10. Let K be a nonempty compact and convex subset of a Hausdorff
topological vector space X, and let f :K×K →Z be a function. Assume that f
satisfies the following conditions:
(i) f (x, x) ∈ (− IntC)c for all x ∈K .
(ii) f is C-quasiconvex-like.
(iii) For every y ∈K the function x → f (x, y) is C-upper semicontinuous on the
convex hull of every nonempty finite subset of K .
(iv) For every y ∈K and for any net {xα} in K converging to x ∈K , if
f
(
xα, ty + (1− t)x
) ∈ (− IntC)c for all α and for 0 t  1,
then f (x, y) ∈ (− IntC)c.
Then there is an x ∈K such that f (x, y) ∈ (− IntC)c for all y ∈K .
Lemma 3.11. Let X be a Hausdorff topological vector space, let K ⊂ X be
a nonempty convex set, and let f :K × K → Z be a function. Assume that f
satisfies the following conditions:
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(i) f (x, x) ∈ (− IntC)c for all x ∈K .
(ii) f is C-quasiconvex-like.
(iii) For every y ∈K the function x → f (x, y) is C-upper semicontinuous on the
convex hull of every nonempty finite subset of K .
(iv) For every y ∈K and for any net {xα} in K converging to x ∈K , if
f
(
xα, ty + (1− t)x
) ∈ (− IntC)c for all α and for 0 t  1,
then f (x, y) ∈ (− IntC)c .
(v) (Coercivity) There is a nonempty compact set A ⊂ K , and there is a non-
empty compact convex set B ⊂K such that if x ∈ K ∩ Ac, then f (x, yx) ∈
− IntC for some yx ∈ B .
Then there is an x ∈K such that f (x, y) ∈ (− IntC)c for all y ∈K .
Remark 3.12. From an argument in [24, p. 911] which is a consequence of
Eberlein–Šmuljan theorem [25, p. 434], one can see from the proof of Lemma 3.7
and Lemma 3.5 that if X is a reflexive Banach space endowed with its weak
topology σ(X,X∗), condition (iii) in Lemma 3.5 can be replaced by
For every y ∈K and every sequence {xn} in K with xn ⇀ x ∈K in σ(X,X∗), if
f
(
xn, ty + (1− t)x
) ∈ (− IntC)c for all n and for t ∈ [0,1],
then f (x, y) ∈ (− IntC)c .
Therefore the vector topological pseudomonotonicity notion in Theorems 3.3
and 3.4 can be considered with respect to a sequence weakly converging to a
point in K .
4. Some applications
In this section we give some applications of the abstract results established in
the previous section to vector variational inequalities and Pareto optima.
4.1. Vector variational inequalities
Let X be a Hausdorff topological vector space, and let L(X,Z) be the space
of all continuous linear operators from X into Z . We denote by 〈l, x〉 the value of
l ∈ L(X,Z) at x ∈X. Let K be a nonempty subset of X. Consider the following
vector variational inequality:
(VVI) For given functions T :K→ L(X,Z) and h :K→Z,
find x ∈K such that
〈T x,y − x〉 + h(y)− h(x) ∈ (− IntC)c for all y ∈K.
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The following definition is a vector version of Definition 1.1 in [16] for single-
valued operators.
Definition 4.1. Let T :K→L(X,Z) be a mapping, and let h :K→Z be a vector
valued function. The operator T is said to be vector topologically h-pseudo-
monotone if for each x ∈ K and every net {xα}α∈I in K converging to x ∈ K
and for every v ∈ IntC satisfying
Lim inf
{〈T xα, x − xα〉 + h(x)− h(xα)} ∩ (− IntC)= ∅
there is α0 in the index set I such that for all α  α0 and for all y ∈K{〈T xβ, y − xβ〉 + h(y)− h(xβ): β  α}
⊂ 〈T x,y − x〉 + h(y)− h(x)+ v − IntC.
When h = 0, the operator T is simply called vector topologically pseudomono-
tone.
We have the following existence result for (VVI).
Corollary 4.2. Let X be a Hausdorff topological vector space, let K ⊂ X be a
convex set, let T :K → L(X,Z) be a mapping, and let h :K → Z be a vector
valued function satisfying the following conditions:
(i) T is vector topologically h-pseudomonotone.
(ii) h is vector 0-diagonally convex.
(iii) For every y ∈ K , the function x → 〈T x,y − x〉 + h(y)− h(x) is C-upper
semicontinuous on the convex hull of every nonempty finite subset of K .
(iv) There exists a nonempty compact set A ⊂ K and there exists a nonempty
compact convex set B ⊂K such that if x ∈K ∩Ac, then
〈T x,yx − x〉 + h(yx)− h(x) ∈− IntC for some yx ∈ B.
Then, there exists x ∈K such that
〈T x,y − x〉 + h(y)− h(x) ∈ (− IntC)c for all y ∈K.
Proof. By applying Theorem 3.3 to the function f :K ×K→Z defined by
f (x, y)= 〈T x,y − x〉 + h(y)− h(x),
the proof is complete. ✷
Remark 4.3. When X is a reflexive Banach space endowed with its weak
topology σ(X,X∗), taking account of Remark 3.12, one can see that Corollary 4.2
is an extension to the vector case of results on scalar variational inequalities
associated to a topologically pseudomonotone operator in the sense of Brézis [10].
See [24, p. 875, Theorem 32.C] and [11, p. 297, Application 3].
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4.2. Generalized Pareto optima
For a convex subset K of a Hausdorff topological vector space X, and for a
vector valued function ϕ :K → Z , we consider the following generalized weak
Pareto optima problem:
(GWPO) Find x ∈K such that ϕ(y)− ϕ(x) ∈ (− IntC)c for all y ∈K.
By applying Lemma 3.11 to the function f (x, y)= ϕ(y)− ϕ(x), one obtains
the following existence result for (GWPO).
Corollary 4.4. Let K be a convex subset of a Hausdorff topological vector space
X, and let ϕ :K→Z be a function satisfying the following conditions:
(i) ϕ is C-quasiconvex-like.
(ii) ϕ is C-lower semicontinuous on the convex hull of every nonempty finite
subset of K .
(iii) For every y ∈K and for any net {xα} in K converging to x ∈K , if
ϕ
(
ty + (1− t)x)− ϕ(xα) ∈ (− IntC)c for all α and for 0 t  1,
then ϕ(y)− ϕ(x) ∈ (− IntC)c .
(iv) (Coercivity) There is a nonempty compact set A ⊂ K , and there is a non-
empty compact convex set B ⊂ K such that if x ∈ K ∩ Ac, then ϕ(yx) −
ϕ(x) ∈− IntC for some yx ∈ B .
Then there is an x ∈K such that ϕ(y)− ϕ(x) ∈ (− IntC)c for all y ∈K .
As a consequence, by taking Z = R and C = R+, one obtains the following
result on the existence of a minimal point of a real function.
Corollary 4.5. Let K be a convex subset of a Hausdorff topological vector space
X, and let ϕ :K→R be a function satisfying the following conditions:
(i) ϕ is lower semicontinuous on the convex hull of every nonempty finite subset
of K .
(ii) ϕ is quasiconvex.
(iii) For every y ∈K and for any net {xα} in K converging to x ∈K , if
ϕ(xα) ϕ
(
ty + (1− t)x) for all α and for t ∈ [0,1],
then ϕ(x) ϕ(y).
(iv) (Coercivity) There is a nonempty compact set A ⊂ K , and there is a non-
empty compact convex set B ⊂K such that if x ∈K ∩Ac, then ϕ(yx) < ϕ(x)
for some yx ∈ B .
Then there is an x ∈K such that ϕ(x)=minx∈K ϕ(x).
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